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Comparing models across groups

Two major ways of comparing groups:

1.  Comparing models using covariates.

A variable representing group membership is included in the data.

This variable is treated as an exogenous (independent) variable in SEM analyses.

This is how group means are compared using multiple regression analysis.

Example – from the AMOS 4.0 Manual, Ch. 12. The Holzinger & Swineford data.

These data are 6 measures representing two abilities – spatial visualization ability and verbal ability.  Identical measurements were taken on 72 girls and 73 boys.  
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The relationship of model
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characteristics to gender might

be studied using covariates

by adding gender to the model

as shown.  In this analysis, Gender

is a covariate.

This method is useful in some

situations, but we’ll focus on

another method.

2.  Comparing models by performing separate analyses for each group.

The alternative to the Covariates method is to perform separate analyses for each group.

In these analyses, estimates of parameters are allowed to vary or are now allowed to vary from one group to the other.

The chi-square difference test is used to determine whether parameters are equal across groups or not.

In very general terms, the procedure involves two steps

A.  Estimating the model allowing estimates to be different in each group.

B.  Estimating the same model requiring estimates to be equal across groups.

The chi-square difference test assesses the significance of difference in fit of the two models.

If not significant, then we conclude that the estimates are equivalent in the populations represented by the groups.

If significant, then we conclude that the estimates are different in the populations.

Example using the Independent Groups t-test

The data . . .

 method score

    1    39

    1    37

    1    35

    1    32

    1    30

    1    30

    1    28

    1    27

    1    28

    1    25

    1    25

    1    23

    1    23

    1    21

    1    20

    2    46

    2    46

    2    43

    2    42

    2    42

    2    40

    2    40

    2    39

    2    37

    2    37

    2    35

    2    33

    2    33

    2    32

    2    30

Number of cases read:  30    Number of cases listed:  30

SPSS output

T-Test
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1.  The Covariates method for comparing two independent means.
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Factor analysis:  Boys' sample

Holzinger and Swineford (1939)

Model Specification
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[image: image3]
In this method, the dependent variable is regressed onto a dichotomous variable (METHOD) representing the two groups.

The value of the regression coefficient is 10.13.  The critical ratio testing the null hypothesis that the coefficient is 0 in the population is 5.22 (see below), which is about equal to the independent groups t statistic from SPSS.

Regression Weights: (Group number 1 - Default Model)

	
	
	
	Estimate
	S.E.
	C.R.
	P
	Label

	SCORE
	<---
	METHOD
	10.133
	1.929
	5.252
	***
	


This is the “Covariate” method of comparing group means using SEM programs.  A variable representing the different groups (the “covariate”) is created and the dependent variable is regressed onto that covariate.  If the relationship of the DV to the Covariate is significant, then that indicates that there are differences in DV means between the values of the Covariate, i.e., between the groups.

2.  The Separate Analyses method for comparing two means.

For the separate analyses method, a model of the dependent variable is created for each of the groups.  Then the model is applied, first assuming that the group means are unequal, then again assuming that they’re equal.  The difference in goodness-of-fit of the two applications provides evidence on equality of means.

This entails some AMOS menuing.

A.  Tell AMOS that there are two groups.

Click on the phrase “Group number 1”.  This opens a Manage Groups dialog box.
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Enter a name for each group.  Click on “New” after each name.
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B.  Identify the data for each group.

File -> Data Files . . .
Specify the name of the file for Group 1 and for Group 2.  They can be the same file.

If all the data are in the same file, there must be a grouping variable (it could be the “Covariate” used in the above analysis) that identifies the group.
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Factor analysis:  Girls' sample
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Model Specification
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Name the grouping variable and specify which value it has for each group.

C.  Draw the path diagram for each group.  In the case of the independent groups t-test, for each group, the path diagram is simply the rectangle representing the dependent variable.


[image: image7]
Click on the name of Group 1.  Draw the diagram.  That diagram is automatically assumed to be the diagram for Group 2, although it could be changed if you wanted it to be.
D.  Specify that means will be estimated.
View/Set -> Analysis Properties . . . -> Estimate means and intercepts

E.  Give a different name to the mean of each group.
Click on the name of Group 1.  Name the mean, e.g., mean1.

Click on the name of Group 2.  Name the mean, e.g., mean2.

We are going to use AMOS’s constraints capability to specify that the means are equal across groups.

F.  Give the same name to each variance.

The result
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Example 12: Model A

Factor analysis:  Girls' sample

Holzinger and Swineford (1939)

Unstandardized estimates

Chi-square = 22.284 (20 df)

p = .325

9.85

25.32

17.59

8.09

9.99

15.20

6.63

3.47

3.31

23.69

9.87

11.53

18.56

24.81

10.91

Group 1:




Group 2
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G.  Specify two models – one with unequal means, one with equal means.
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Holzinger and Swineford (1939)

Unstandardized estimates

Chi-square = 22.284 (20 df)

p = .325

9.85

25.32

17.59

8.09

9.99

15.20

7.19

3.47

3.31

23.69

9.87
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Click on “Default model”. 
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Rename it, “Means allowed to be unequal”.

Then click on “New”, name the new model “Means constrained to equality”, and specify an equality constraint between the means.
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G.  Add a title that gives the chi-square value
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H.  Apply the model
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Example 12: Model A

Factor analysis:  Boys' sample

Holzinger and Swineford (1939)

Standardized estimates

Chi-square = 8.627 (8 df)

p = .375
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References for this handout

Much of what follows is based on 

Vandenberg, R. J., & Lance, C. E. (2000).  A review and synthesis of the measurement invariance literature:  Suggestions, practices, and recommendations for organizational research.  Organizational Research Methods, 3(1), 4-69.

This article is a long one but one well worth reading.  It summarizes a large literature on measurement invariance and offers recommendations concerning procedure, some of which are outlined below.

The Byrne (2001) text in the references presents an example of assessing some forms of measurement equivalence in chapters 7-10.  Hers is the only introductory text on SEM that I possess that covers the issue in any detail.

What follows is definitely NOT a definitive guide to the comparison of measurement and structural parameters across groups.  

The comparisons that can be made.

1.  Equivalence of the observed variance/covariance matrices.

2.  Equivalence of configuration of estimated and fixed loadings.

3.  Equivalence of factor loading values, i.e., regression coefficients relating indicators to factors.

4.  Equivalence of intercepts.

5.  Equivalence of the variances and covariances of the residual (error, other) variables.

6.  Equivalence of factor variances.

7.  Equivalence of factor covariances.

8.  Equivalence of factor means.

1. Equality of the individual observed variance /covariance matrices.

Example

Males

	
	Visperc
	Cubes
	Lozenges
	Paragrap
	Sentence
	wordmean

	Visperc
	Var1
	
	
	
	
	

	Cubes
	Cov21
	Var2
	
	
	
	

	Lozenges
	Cov31
	Cov32
	Var3
	
	
	

	Paragrap
	Cov41
	Cov42
	Cov43
	Var4
	
	

	Sentence
	Cov51
	Cov52
	Cov53
	Cov54
	Var5
	

	wordmean
	Cov61
	Cov62
	Cov63
	Cov64
	Cov65
	Var6


Females

	
	Visperc
	Cubes
	Lozenges
	Paragrap
	Sentence
	wordmean

	Visperc
	Var1
	
	
	
	
	

	Cubes
	Cov21
	Var2
	
	
	
	

	Lozenges
	Cov31
	Cov32
	Var3
	
	
	

	Paragrap
	Cov41
	Cov42
	Cov43
	Var4
	
	

	Sentence
	Cov51
	Cov52
	Cov53
	Cov54
	Var5
	

	wordmean
	Cov61
	Cov62
	Cov63
	Cov64
	Cov65
	Var6


Actual Data 

Females
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The total covariance matrix has 72 degrees of freedom.

a. 


Males
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a. 


If the test is on the variables involved in the measurement model only, then failure to reject the null is taken to indicate overall measurement equivalence across groups.  This is evidence for measurement equivalence and no further tests would be required.

2.  Configural invariance of the measurement model.

This comparison involves the factor structure for the different groups.

Questions asked:  Are the number of factors the same across groups?

Should loadings that are fixed at 0 in one group also be fixed at 0 in other groups?

Example of lack of configural invariance



Group 1





Group 2
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Example 12: Model A

Factor analysis:  Boys' sample

Holzinger and Swineford (1939)

Model Specification


Three indicators have significant loadings on F in Group 1 but only two of them have significant loadings in Group 2.

Why bother:  If we average Y1, Y2, and Y3 and compare the average as an indication of the value of F, for Group 2 we’ll be averaging a variable that has no relationship to F.

3.  Invariance of values of loadings.

Assuming configural invariance, the loadings of each variable onto each factor across groups should be equal except for random difference.

Why do we care?

We typically compute the sum or average of the observed indicators of a factor to give us an estimate of each person’s score on that factor.  

That is, since each person’s position on the factor is not directly observable, our best guess of his/her value of whatever characteristic (intelligence, faking ability, depression, etc.) is represented by the factor is that person’s sum or average on the indicators of the factor.

But if the loadings of those indicators are not identical for different groups, comparisons of factor values across groups will be confounded by the measurement differences.

Example.

Assume the following

Group 1
Group 2

Y1 = 3.5 + .5*F
Y1 = 3.5 + 1*F

Y2 = 3.5 + .5*F.
Y2 = 3.5 + 1*F

Y3 = 3.5 + .5*F.
Y3 = 3.5 + 1*F

We’ll look at intercept differences later.

These relationships can be represented graphically as follows.

On the left is the relationship of one of the Y’s vs. F for Group 1.

On the right is the same relationship for Group 2.

Assume F’s are standardized with mean 0 and SD 1.

Suppose responses are made on a 1-to-7 scale.
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Example 12: Model A

Factor analysis:  Boys' sample

Holzinger and Swineford (1939)

Standardized estimates

Chi-square = 16.480 (16 df)

p = .420
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Suppose a person is one standard deviation above the mean on the characteristic represented as F in the figure (intelligence, faking ability, depression, etc.).

If that person were from Group 1, his/her observed score would be 4.

But if that person were from Group 2, his/her observed score would be 4.5.

We might conclude that there is a difference in whatever F is when in fact, the difference is not in F, but in the relationship of F to the observed scores.

How can loadings be different in different groups?

If Y is an item on a questionnaire, the words in the item might be less indicative of F in Group 1 than in Group 2.  So extreme values of F wouldn’t necessarily result in responses as extreme in Group 1 as in Group 2.

Persons in Group 1 might be culturally less likely to use extremes of response scales than persons in Group 2, so the range of possible responses in Group 1 will be lower than in Group2, even though the same 7 responses are possible.

Why not just use the Y’s?

The answer to this question reflects the researcher’s view of current measurement theory.  

If, for example, you think that all there is to intelligence, for example, is the score on an IQ test (Y), then by all means restrict your generalizations, your theory, to the Y’s.

But if you think that there exist characteristics that are more fundamental than any observed score, then you’re stuck with this situation.

What if some loadings are invariant and others not?

You can drop the “variant” items from the scale used to measure F.

There are other solutions beyond the scope of this handout.

4.  Invariance of intercepts.

Note:  Estimation of intercepts has not yet been covered.

Assume the following

Group 1
Group 2

Y1 = 4.5 + 1*F
Y1 = 3.5 + 1*F

Y2 = 4.5 + 1*F.
Y2 = 3.5 + 1*F

Y3 = 4.5 + 1*F.
Y3 = 3.5 + 1*F

In this example, the slopes of the relationship of Y’s to F (the loadings) are equal, but the intercepts differ.

Graphically
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Example 12: Model A

Factor analysis:  Boys' sample

Holzinger and Swineford (1939)

Unstandardized estimates

Chi-square = 18.292 (20 df)

p = .568


In this example, two persons of equal, average value on F would have different Y values.

5.  Equality of variances of residual (error, other) latent variables.

According to Vandenberg and Lance, this test has been primarily used to compare reliabilities of indicators across groups.  

Used in that way requires the assumption that factor variances are equal (next test, see below).

6.  Equality of factor variances.

According to Vandenberg and Lance, this test has been used in conjunction with the above to provide evidence that indicators are equally reliable across groups.

7.  Equality of factor covariances.

Vandenberg and Lance state that such tests have usually been applied in conjunction with 6 above to test for equality of factor correlations. 

8.  Equality of Factor means

These tests could be done using traditional comparisons of the observed scores, e.g., t-tests or ANOVA.

Vandenberg and Lance argue for conducting them within the framework of SEM.

Worked Out Example

The worked out example will use the data of Example 12 from the AMOS 4.0 Manual.

It involves two groups – one of boys, the other of girls, as described above.

The students took six tests, three involving spatial abilities and three involving verbal abilities.

The interest is on whether a two-factor CFA fits the data of both groups equally well.

Ultimately, we want to fit the following model to the data of both groups.
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AMOS steps for a multi-group analysis

1.  File -> New.

2.  Tell AMOS about the groups.


Double-click on “Group number 1”.
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Enter the new name of the group. Then click on [New].
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Enter the name of the 2nd group.  Then click on [Close].
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3.  Connect AMOS to the files containing the data.
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Note that sometimes the data of all groups will be in the same file.

In that case, specify only one file, then click on the [Grouping Variable] button and use the dialog box that it opens to identify the groups.

In this case, however, Girls data were in one file and Boys data in another.

Test 1:  Overall test of equality of variance/covariance matrices

The overall test requires only that variances of all variables and covariances between them be estimated.

First, they’re estimated separately for each group.

Second, they’re estimated assuming equality across groups.

The chi-square difference tests the null hypothesis of equality of variances and covariances between groups.
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Example 12: Model A

Factor analysis:  Boys' sample

Holzinger and Swineford (1939)

Standardized estimates

Chi-square = 18.292 (20 df)

p = .568

4.  Draw the path diagram.

Note that this is NOT the model we’ll hope fits the data.

This is simply a model to estimate variances and covariances.

By default the same path diagram applies to both groups, although it’s possible to specify that different groups have different diagrams.

5.  Name the parameters to be estimated.

By default, the names you give will apply to only to the group highlighted.  Here, the covariance between VISPERC and WORDMEAN (not shown on the screen shot) for Girls is being given the name gvw.  We know it’s for the Girls group because Girls is highlighted on the left.
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A similar process is followed for the Boys group.
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The input models for Girls and for Boys
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gvc
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6.  Specify the models to be estimated.

Double-click on “Default Model”

Click on “New”.

Name the model.

Specify the constraints.
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7.  Run the models.

There will be FOUR screens of output.

Girls – Default
Girls – VCEquality

Boys – Default
Boys – VCEquality

Here they are
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Unstandardized estimates
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Factor analysis:  Boys' sample
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Conclusion

For these data, we would fail to reject the hypothesis of equality of the variance/covariance matrices.  

Thus, we could proceed directly to tests of equality of factor parameters, e.g., factor means.

For pedagogical reasons, however, we’ll proceed to test configural invariance and the equality of loadings between the two groups.

We will expect to find invariance in both instances.

Test 2:  Configural Invariance

CFA’s were performed on each group.  Both resulted in acceptable solutions with two correlated factors and no cross loadings.
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Example 12: Model A

Factor analysis:  Girls' sample

Holzinger and Swineford (1939)

Standardized estimates

Chi-square = 7.853 (8 df)

p = .448


As can be seen from inspection of the two Standardized views, 

Chi-squares for both groups are not significant.

Standardized loadings are large, with the possible exception of the loading of .41 for CUBES for the Boys’ sample.

The next test will compare loadings across samples.

Test 3:  Equality of loadings 

The input models
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The restrictions
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The results – unstandardized coefficients

Girls unconstrained
Boys unconstrained
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Factor analysis:  Girls' sample

Holzinger and Swineford (1939)

Standardized estimates

Chi-square = 16.480 (16 df)

p = .420


Constrained – Unstandardized coefficients
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Example 12: Model A

Factor analysis:  Girls' sample

Holzinger and Swineford (1939)

Unstandardized estimates

Chi-square = 18.292 (20 df)

p = .568


Note that the chi-squares are totals across the two samples.

The chi-square difference is 1.812 with 4 df.  Not significant.

Constrained – Standardized loadings.

Girls
Boys
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Factor analysis:  Girls' sample

Holzinger and Swineford (1939)

Standardized estimates

Chi-square = 18.292 (20 df)

p = .568


This points up the fact that the constraints were on the Unstandardized (raw) coefficients.  

The standardized coefficients are NOT equal, because the variances of the factors and indicators are not equal.

This is because 

Standardized coefficient = Raw coefficient* SD of Indicator
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The model with means constrained to be equal fits poorly, suggesting that the population means are unequal.
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