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Confirmatory Factor Analysis

Confirmatory factor analysis is factor analysis in which 

1)  the factors are specified in advance

2)  only a subset of all possible loadings are estimated, with those not estimated assumed to be 0.

3)  values of specific loadings or interfactor correlations may be specified.

The Big 5 Example continued.

In the EFA of the Big 5 data, 5 factors were identified from examination of eigenvalues and the scree plot.

In the EFA, all loadings were estimated.

The CFA will pick up where the EFA left off.

1)  We’ll assume 5 factors, each one corresponding to one of the Big 5 dimensions.

2)  We’ll estimate only the loadings of testlets onto their “own” dimension, leaving loadings on other dimension out of the model, and thus estimated at 0.

3)  We’ll estimate two models – one in which interfactor correlations are assumed to be 0 and one in which interfactor correlations are estimated.

Note:  The analyses reported here are based on covariances. 

Note:  It’s common to NOT estimate means and intercepts in CFA. 

The Orthogonal EFA model revisited

Recall that in EFA, loadings of ALL variables on ALL factors are estimated.
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The Orthogonal CFA Model

[image: image9.png]Big 5 Testlet Data
Chi-sguare = \cmin

RMSEA = rmsea




The Input Model


[image: image2.wmf]HETL1

HETL2

HETL3

HATL1

HATL2

HATL3

HCTL1

HCTL2

HCTL3

HSTL1

HSTL2

HSTL3

HOTL1

HOTL2

HOTL3

e1

e2

e3

1

1

e4

e5

e6

e7

e8

e9

e10

e11

e12

e13

e14

e15

1

1

1

1

1

1

1

1

1

E

A

C

S

O

1

1

1

1

1

1

1

1

1


Absence of double-headed arrows between the factors means that this model assumes that the factors are uncorrelated.

Note:  All “Error” regression weights set equal to 1 1.  

Note:  One Indicator regression weight per latent variable = 1.

Orthogonal Model:  The Unstandardized View
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Residual variances were generally larger than 0.  This means that there were individual differences in the “other” effects on responses to the testlet items.  What were they thinking?

As we’ll see in the next handout, none of the goodness of fit measures is acceptable.  This model does not fit the data well.

Orthogonal Model:  The Standardized View
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Loadings of the testlets on “their” factors are pretty substantial.  Only possible exception is the loading of HOTL3 on O of .62.

R2’s are typically interpreted as the reliabilities of the observed variables.  In this example, two or three of the testlets have lower than desired reliability.

Correlated Factors Model:  Unstandardized View
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All the factor variances are larger than 0 indicating that there are individual differences in “amounts” of each of the Big 5 dimensions, as we would expect.

All residual variances are larger than 0 indicating that there are individual differences in other things that were going on in respondents’ heads while filling out the questionnaire.

Correlated Factors Model:  Standardized View
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The correlations between the Big 5 factors are generally positive.  Since the Big 5 were conceptualized as being orthogonal dimensions of personality, this suggests that there may be some other factor operating on all the variables. Method variance is one possibility.

Goodness of fit

Goodness of fit can be assessed in two general ways.

First, there are composite measures that provide a global assessment of how well the model fits the data.

These include the Chi-square statistic, the GFI, the CFI, the RMSEA statistic and what seems like 100 others.

Second, there are parameter-specific measures.  

These include tests of significance of individual parameters, the differences between observed correlations and correlations predicted by the model and modification indices.  Modification indices tell how much constrained parameters of the model, loadings, for example, should be changed to make the model fit the data better.

A thorough examination of a model requires computing several of the composite measures and examining the relationship-specific measures.

The issue of which composite measure should be used is one that has seen changing recommendations in the past few years.  

Luckily, AMOS prints most of the measures that have been proposed so you can take your pick.

Composite measures of goodness of fit

The Chi-square statistic:  Perfect fit=0

The chi-square statistic based on the differences between observed covariances between the variables and covariances predicted by the model.

The null hypothesis is that any differences are only those due to random error.  

A perfect fit would be represented by NO differences between observed and predicted.

So small chi-square values are indications of good fit.

We hope to have p-values larger than .05.

So the use of the chi-square to assess goodness of fit is backwards from our typical use of such statistics.  Here we hope to RETAIN the null hypothesis of no difference.

The chi-square statistic is sensitive to small differences between observed and predicted when sample sizes are large.  For this reason, researchers have developed others.

Other indices

Many other indices have been proposed.  Some have been designed to take parsimony into account, others have not.  

Three current contender are

GFI:  
Perfect fit = 1.  

A measure of the relative amount of variance and covariance in the sample that is jointly explained by the model.  

Byrne (p; 82) reports that it may be influenced by sample size.

CFI:  
Perfect fit = 1.  Takes sample size into account.

Based on a comparison between the model and a model which assumes independence of all variables.  

Byrne reports that a value of .95 has been recommended as a threshold for “good” fit.

RMSEA:  Perfect fit = 0.  

Root Mean Squared Error of Approximation.

Close fit:  RMSEA <= .05

Poor fit:  RMSEA > .10

Byrne says that “. . .  it has only recently been recognized as one of the most informative criteria in covariance structure modeling.”  

Because the sampling distribution is known, confidence intervals can be created and used to decide whether or not the model could be expected to yield a poor fit in the population.

If the upper limit of the CI is < .1, for example, then you can reject the hypothesis that in the population the fit of the model is worse than (yielding RMSEA larger than) .1.

Displaying Composite Measures in AMOS

All measures of goodness-of-fit are available in the text output.

Composite measures can be put in the path diagram using the Title tool.

The following was put as text in the title for the above examples.

Big 5 Testlet Data

Chi-square = \cmin

df = \df

p = \p

GFI = \gfi

RMSEA = \rmsea

AMOS’s rule is that you must put the name of the quantity desired after a \.

Most names are self-explanatory.  However, the name, cmin, is used to request the chi-square statistic.

AMOS replaces the names of the quantities with their values in the output window.

Implied Correlations

Before we talk about parameter-specific measures, the concept of implied correlations must be introduced.

The correlations produced using the equations of the CFA model are called implied correlations or reproduced correlations.  They’re analogous to predicted Y’s in regression analysis, except they’re predicted correlations.

The Loehlin text (Ch 1) has a good description of how implied correlations are computed from a path diagram. 

In general, the correlation between two variables implied by a model is the product of the paths between the two variables in the path diagram, following Wright’s rules, as presented by Loehlin.

The rules are (Loehlin, p. 9)

a.  no loops.

b.  no going forward then backward.  (which means that it’s OK to go backward, then forward)

c.  a maximum of one curved arrow per path.

Loehlin gives many examples of how these rules can be used.  

AMOS uses them to compute implied correlations in its text output window (if you ask for them).

Implied Correlations in CFA

For simple CFA models such as this, implied correlations are easily obtained. 

There are two possibilities.

Implied Correlation of two variables loading on the same factor


In this case, the implied correlation is simple a*b, the product of the loadings of the two variables on the factor.

Implied correlation of two variables loading on different factors


In this case, the implied correlation is a*c*b.

If the two factors are not correlated, then the implied r is 0.  This is important because it means that when factors are orthogonal, correlations between indicators of different factors are implied to be 0.

Parameter-specific measures of goodness of fit.

1)  Tests of significance of individual parameter estimates.

For every parameter, AMOS automatically performs a test of the null hypothesis that in the population, the value of the parameter is 0.  

The test statistic can be treated as a Z when sample size is sufficiently large.  They’re printed in the text output.

2)  Differences between observed and implied correlations.

These differences are called residuals.  Typically they are standardized, as Z-scores, and the standardized differences are interpreted.

Inspection of the standardized residuals may show which part(s) of the model are fitting the data appropriately.

Modification Indices

Modification indices estimate how much better the model would fit if constraints built into the model, e.g., 0 correlations assumed between variables, were released.

Inspection of modification indices may indicate parameters, e.g., regression arrows, that should be added to the model.

Implied Correlations rule out orthogonal model

Correlation matrix of observed variables from the EFA
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Note that most of the “between dimension” correlations are positive.  So any model which fixes them at 0 can’t have a good fit.

The orthogonal factors model
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Implied correlations and the correlated factors model.

Observed r matrix

	
	HOTL3
	HOTL2
	HOTL1
	HSTL3
	HSTL2
	HSTL1
	HCTL3
	HCTL2
	HCTL1
	HATL3
	HATL2
	HATL1
	HETL1
	HETL3
	HETL2

	HOTL3
	1.0
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	HOTL2
	.54
	1.0
	
	
	
	
	
	
	
	
	
	
	
	
	

	HOTL1
	.44
	.62
	1.0
	
	
	
	
	
	
	
	
	
	
	
	

	HSTL3
	.10
	.04
	.26
	1.0
	
	
	
	
	
	
	
	
	
	
	

	HSTL2
	.18
	.11
	.26
	.72
	1.0
	
	
	
	
	
	
	
	
	
	

	HSTL1
	.21
	.13
	.34
	.76
	.78
	1.0
	
	
	
	
	
	
	
	
	

	HCTL3
	.35
	.36
	.43
	.14
	.30
	.22
	1.0
	
	
	
	
	
	
	
	

	HCTL2
	.15
	.10
	.30
	.20
	.19
	.22
	.57
	1.0
	
	
	
	
	
	
	

	HCTL1
	.23
	.20
	.42
	.17
	.16
	.18
	.62
	.69
	1.0
	
	
	
	
	
	

	HATL3
	.24
	.10
	.24
	.05
	.09
	.11
	.25
	.21
	.32
	1.0
	
	
	
	
	

	HATL2
	.21
	.06
	.05
	-.17
	.00
	-.06
	.20
	.11
	.17
	.65
	1.0
	
	
	
	

	HATL1
	.18
	.17
	.29
	.03
	.13
	.15
	.25
	.13
	.19
	.58
	.53
	1.0
	
	
	

	HETL1
	.35
	.19
	.17
	.21
	.20
	.27
	.08
	.15
	.15
	.27
	.13
	.15
	1.0
	
	

	HETL3
	.38
	.28
	.21
	.21
	.28
	.31
	.18
	.11
	.09
	.29
	.19
	.21
	.70
	1.0
	

	HETL2
	.32
	.20
	.15
	.13
	.16
	.24
	.08
	.06
	.11
	.33
	.18
	.19
	.78
	.76
	1.0


Implied r matrix

	
	HOTL3
	HOTL2
	HOTL1
	HSTL3
	HSTL2
	HSTL1
	HCTL3
	HCTL2
	HCTL1
	HATL3
	HATL2
	HATL1
	HETL1
	HETL3
	HETL2

	HOTL3
	1.0
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	HOTL2
	.50
	1.0
	
	
	
	
	
	
	
	
	
	
	
	
	

	HOTL1
	.51
	.61
	1.0
	
	
	
	
	
	
	
	
	
	
	
	

	HSTL3
	.16
	.19
	.20
	1.0
	
	
	
	
	
	
	
	
	
	
	

	HSTL2
	.16
	.20
	.20
	.71
	1.0
	
	
	
	
	
	
	
	
	
	

	HSTL1
	.18
	.21
	.22
	.76
	.78
	1.0
	
	
	
	
	
	
	
	
	

	HCTL3
	.23
	.27
	.28
	.17
	.17
	.19
	1.0
	
	
	
	
	
	
	
	

	HCTL2
	.24
	.29
	.29
	.18
	.18
	.19
	.58
	1.0
	
	
	
	
	
	
	

	HCTL1
	.26
	.32
	.32
	.20
	.20
	.21
	.64
	.67
	1.0
	
	
	
	
	
	

	HATL3
	.16
	.19
	.20
	.06
	.06
	.07
	.23
	.25
	.27
	1.0
	
	
	
	
	

	HATL2
	.13
	.16
	.16
	.05
	.05
	.05
	.19
	.20
	.22
	.66
	1.0
	
	
	
	

	HATL1
	.12
	.14
	.15
	.04
	.05
	.05
	.18
	.18
	.20
	.59
	.49
	1.0
	
	
	

	HETL1
	.19
	.22
	.23
	.21
	.21
	.23
	.10
	.10
	.11
	.27
	.22
	.20
	1.0
	
	

	HETL3
	.18
	.22
	.23
	.21
	.21
	.23
	.09
	.10
	.11
	.27
	.22
	.20
	.71
	1.0
	

	HETL2
	.20
	.24
	.25
	.22
	.23
	.24
	.10
	.11
	.12
	.29
	.24
	.21
	.77
	.76
	1.0


Both of these matrices must be requested in AMOS.  

View/Set -> Output -> Check the appropriate boxes.
Standardized residuals

Comparing the observed and implied correlation matrices is time consuming.

So AMOS can be instructed to print standardized quantities based on the difference between observed and implied.  These standardized quantities are analogous to Z-scores.

	
	HOTL3
	HOTL2
	HOTL1
	HSTL3
	HSTL2
	HSTL1
	HCTL3
	HCTL2
	HCTL1
	HATL3
	HATL2
	HATL1
	HETL1
	HETL3
	HETL2

	HOTL3
	.00
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	HOTL2
	.60
	.00
	
	
	
	
	
	
	
	
	
	
	
	
	

	HOTL1
	-.86
	.18
	.00
	
	
	
	
	
	
	
	
	
	
	
	

	HSTL3
	-.87
	-2.12
	.81
	.00
	
	
	
	
	
	
	
	
	
	
	

	HSTL2
	.28
	-1.16
	.73
	.09
	.00
	
	
	
	
	
	
	
	
	
	

	HSTL1
	.44
	-1.13
	1.64
	-.01
	-.03
	.00
	
	
	
	
	
	
	
	
	

	HCTL3
	1.66
	1.12
	2.04
	-.46
	1.78
	.53
	.00
	
	
	
	
	
	
	
	

	HCTL2
	-1.24
	-2.52
	.11
	.31
	.20
	.30
	-.09
	.00
	
	
	
	
	
	
	

	HCTL1
	-.42
	-1.54
	1.31
	-.39
	-.53
	-.50
	-.26
	.26
	.00
	
	
	
	
	
	

	HATL3
	1.11
	-1.25
	.64
	-.13
	.39
	.64
	.26
	-.44
	.66
	.00
	
	
	
	
	

	HATL2
	1.09
	-1.42
	-1.63
	-3.15
	-.79
	-1.68
	.10
	-1.24
	-.72
	-.02
	.00
	
	
	
	

	HATL1
	.86
	.37
	2.03
	-.16
	1.20
	1.46
	1.10
	-.80
	-.15
	-.13
	.46
	.00
	
	
	

	HETL1
	2.31
	-.46
	-.76
	-.01
	-.18
	.57
	-.24
	.76
	.56
	.05
	-1.27
	-.74
	.00
	
	

	HETL3
	2.71
	.83
	-.27
	.11
	.99
	1.24
	1.14
	.12
	-.28
	.34
	-.38
	.13
	-.12
	.00
	

	HETL2
	1.68
	-.60
	-1.36
	-1.30
	-.93
	-.12
	-.33
	-.65
	-.18
	.59
	-.79
	-.30
	.08
	-.02
	.00


It’s apparent from inspection of the standardized values that the relationships of the Openness testlets to the other variables, particularly testlet 2, is not well represented by the model.

Modification indices

The modification index gives the amount by which chi-square would decrease if a parameter of the model (e.g., a loading) which has been constrained to a specific value (typically 0) were allowed to be estimated. 

They must be requested in AMOS.  By default the program prints only modification indices whose values are 4 or larger.  This is because a decrease in chi-square of 4 (actually 3.84) is required for the freeing of a single parameter to be significant.

Some of the modification indices for regression arrows from the Correlated Factors CFA are below.  

For example:  HOTL3 ( E is a regression arrow from the E latent variable to the HOTL3 testlet.  Adding such an arrow would decrease chi-square by 10.7.  The unstandardized estimate of the parameter would be .1733.

	
	
	
	M.I.
	Par Change

	HOTL3
	<---
	E
	10.7033
	.1733

	HOTL3
	<---
	HATL2
	6.6630
	.1443

	HOTL3
	<---
	HETL1
	10.5501
	.1390

	HOTL3
	<---
	HETL3
	9.7416
	.1380

	HOTL3
	<---
	HETL2
	8.0738
	.1252

	HOTL2
	<---
	S
	7.8792
	-.1073

	HOTL2
	<---
	C
	6.9364
	-.1438

	HOTL2
	<---
	A
	4.7682
	-.1481

	HOTL2
	<---
	HSTL3
	8.8841
	-.1062

	HOTL2
	<---
	HSTL2
	4.4611
	-.0742

	HOTL2
	<---
	HSTL1
	7.1386
	-.0892

	HOTL2
	<---
	HCTL2
	10.1507
	-.1289

	HOTL2
	<---
	HCTL1
	7.8310
	-.1219

	HOTL2
	<---
	HATL3
	6.2835
	-.1261

	HOTL1
	<---
	S
	6.6144
	.1047

	HOTL1
	<---
	C
	7.2797
	.1568

	HOTL1
	<---
	HSTL3
	7.6002
	.1046

	HOTL1
	<---
	HSTL1
	7.4097
	.0967

	HOTL1
	<---
	HCTL2
	4.2063
	.0883

	HOTL1
	<---
	HCTL1
	8.6460
	.1363


Comparing Goodness of fit of two models

The chi-square statistic can be used to compare the fit of two models if one of those models is nested within the other.

Generally speaking . . .

In the nested model, certain parameters are fixed.

In the general model, those parameters are estimated.

Simple example

General Model
Nested Model




In the general model, the correlation between F1 and F2 is estimated.  In the nested model, the correlation is fixed at 0.

Chi-square difference

Mathematical statisticians have shown that the difference between the chi-squares of a nested and general model is itself a chi-square statistic. 

That is

 X2Difference = X2Nested – X2General
Degrees of freedom of X2Difference = dfNested – dfGeneral.

The null hypothesis is that the fit of the two models is equivalent with the exception of random error.

A significant X2Difference indicates that the nested model fits the data significantly worse than the general model.

A nonsignificant X2Difference indicates that the nested model fits the data about the same as the general model.

For the Big 5 example, the Orthogonal factors model is nested under the correlated factors model.

Chi-square for the orthogonal factors model = 
305.906.

Chi-square for the correlated factors model = 
196.259
Chi-square difference = 





109.657

df for X2Difference = 90 – 80 = 10.

p-value for X2(10) = 109.657 is less than .001.

So the orthogonal factors model fits significantly worse than the correlated factors model.
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Later we’ll discuss the huge difference in Chi-square between this and the above model.
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Loadings(Betas)





This is text that was put in the input window using the [Title] tool.  More on this later.





Correlations





Covariances





Goodness of fit stuff.  Be patient.





Factor variances.





Variances larger than 0 mean that there are individual differences in the amount of the factor between people.





HCTL3�
<---�
HOTL3�
9.0365�
.1569�
�
HCTL3�
<---�
HOTL2�
12.6041�
.2098�
�
HCTL3�
<---�
HSTL2�
7.1994�
.1056�
�
HCTL2�
<---�
O�
5.4834�
-.1986�
�
HCTL2�
<---�
HOTL3�
4.3907�
-.1205�
�
HCTL2�
<---�
HOTL2�
8.2934�
-.1874�
�
HATL3�
<---�
HSTL3�
4.5270�
.0712�
�
HATL2�
<---�
O�
4.3195�
-.1658�
�
HATL2�
<---�
S�
10.2206�
-.1417�
�
HATL2�
<---�
HOTL1�
9.6352�
-.1763�
�
HATL2�
<---�
HSTL3�
16.4705�
-.1677�
�
HATL2�
<---�
HSTL1�
9.3742�
-.1185�
�
HATL1�
<---�
HOTL1�
6.6329�
.1677�
�
HETL3�
<---�
S�
4.2862�
.0966�
�
HETL3�
<---�
HOTL2�
4.8792�
.1423�
�
HETL3�
<---�
HSTL2�
6.2983�
.1077�
�
HETL3�
<---�
HCTL3�
4.4166�
.1185�
�
HETL2�
<---�
S�
4.8770�
-.0933�
�






c





U3





a





U1





b





Y3





Observe that this model requires that all “between-dimension” correlations be zero because there are no links between the factors.





So most of the implied r’s from this model will be 0, which means that the orthogonal factors model can’t provide a good fit to the data.
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