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Exploratory Factor Analysis

Factor Analysis

Definition 1:  Variables to factors.

Given a set of variables, e.g., items on a questionnaire, factor analysis is a collection of techniques for finding clusters of the variables which 

a) correlate highly among themselves and b) correlate hardly at all with other variables.

Seeking order among chaos.

Typical procedure:  We begin with a collection of variables.  Seek to simplify the situation by identifying a few factors, each of which represents a cluster of variables.

Definition 2:  Factors to variables.

Given a set of latent variables, factor analysis is a collection of techniques for identifying variables to serve as indicators of the unobservable (latent) constructs called factors or more recently, latent variables.

Typical procedure:  We begin with a few unobservable constructs (factors) and seek variables to serve as indicators of those constructs.

An example of factor analysis equations

Suppose we have four variables, Y1, Y2, Y3, and Y4 and two factors, F1 and F2.

Observed scores as being composed of two components – a component in common with other variables and a component unique to the variable.

Example:




Y1 = A11F1 + A12F2 + U1
Y2 = A21F1 + A22F2 + U2
Y3 = A31F1 + A32F2 + U3
Y4 = A41F1 + A42F2 + U4
Note that F1, F2 are common to all variables.  They’re called common factors.  

But U1 is unique to Y1, U2 is unique to Y2, etc.  They’re sometimes called uniquenesses.

Factor Analysis and Regression

Factor Analysis can be thought of as a regression in which observed variables are the dependent variables and factors are independent variables.

The “regression weights” in this representation are called loadings in the factor analytic literature.

The loadings are partial regression coefficients.  Each expresses the unique relationship of Y to an F, holding other Fs constant.

The variance of each observed variable is “accounted for” by the variable’s relationship to the factor(s) (the F’s) and to “other” – the U term in the equations.

Of course, there is one difference between the above equations and equations from multiple regression analyses:  The Fs and Us are latent variables, not directly observable.  In regression analysis, all variables are observed.

Factor Analysis and Path Diagrams

Factor analysis is represented in path diagrams as are regression analyses, with factors as independent variables and observed variables as dependent variables.

Relationship of Y1 to the two factors


Relationship of Y1, Y2, Y3, and Y4 to the two factors of the example.









Exploratory vs. Confirmatory Factor Analysis

Exploratory Factor Analysis:  

1)  All loadings are estimated, which facilitates identification of clusters of variables.

2)  None of the loadings can be constrained to have specific values.

3)  Ability to test hypotheses about loadings or factor correlations is limited.

4)  Not possible to incorporate higher order factors along with 1st order factors in same analysis.

Confirmatory Factor Analysis

1)  Does not estimate all loadings.  So not good for exploratory analyses – those analyses in which the data are being asked to point to factors.

2)  Models may be estimated in which loadings are fixed at predetermined values, typically 0 or 1.

2)  Extensive hypothesis testing is possible – tests of values of loadings, factor correlations, and applicability of competing models.

43)  Multiple factor levels (e.g., 1st and 2nd order factors) can be incorporated in the same analysis.

Example of Exploratory Factor Analysis

The Big 5 personality dimensions

Five personality dimension that have been found to represent a large majority of specific personality traits.


Extroversion

Agreeableness

Conscientiousness

Emotional Stability

Openness

Scores on the Big 5 dimensions are essentially uncorrelated with each other.

This means that they represent five essentially orthogonal aspects of personality

The Goldberg items.

A collection of items gathered over a period of years by Goldberg and published on the web site:  http://ipip.ori.org/ipip.

The web site includes a collection of 100 items, with 20 representing each dimension.

It also includes a collection of 50 items, with 10 representing each dimension.

The 50-item scale was used here.

The Goldberg 50-item scale, with items grouped by dimension.

Number Name     Item                                               Scale Scoring

Extroversion

     1 EH34     Am the life of the party.                              E  1

     6 EX56     Don't talk a lot.                                      E  0

    11 EX112    Feel comfortable around people.                        E  1

    16 EH154    Keep in the background.                                E  0

    21 EH16     Start conversations.                                   E  1

    26 EH1039   Have little to say.                                    E  0

    31 EX83     Talk to a lot of different people at parties.          E  1

    36 EX68     Don't like to draw attention to myself.                E  0

    41 EX78     Don't mind being the center of attention.              E  1

    46 EH661    Am quiet around strangers.                             E  0

Agreeableness

     2 AX244    Feel little concern for others.                        A  0

     7 AH21     Am interested in people.                               A  1

    12 AH1103   Insult people.                                         A  0

    17 AH1130   Sympathize with others' feelings.                      A  1

    22 AX227    Am not interested in other people's problems.          A  0

    27 AX177    Have a soft heart.                                     A  1

    32 AX165    Am not really interested in others.                    A  0

    37 AH160    Take time out for others.                              A  1

    42 AE136    Feel others' emotions.                                 A  1

    47 AH107    Make people feel at ease.                              A  1

Conscientiousness

     3 CX87     Am always prepared.                                    C  1

     8 CH823    Leave my belongings around.                            C  1

    13 CH1362   Pay attention to details.                              C  1

    18 CH1467   Make a mess of things.                                 C  0

    23 CE119    Get chores done right away.                            C  1

    28 CX82     Often forget to put things back in their proper place. C  0

    33 CX118    Like order.                                            C  1

    38 CH1140   Shirk my duties.                                       C  0

    43 CX179    Follow a schedule.                                     C  1

    48 CX163    Am exacting in my work.                                C  1

Emotional Stability

     4 ESX107   Get stressed out easily.                               S  0

     9 ESE141   Am relaxed most of the time.                           S  1

    14 ESH1157  Worry about things.                                    S  0

    19 ESX156   Seldom feel blue.                                      S  1

    24 ESH927   Am easily disturbed.                                   S  0

    29 ESX95    Get upset easily.                                      S  0

    34 ESH926   Change my mood a lot.                                  S  0

    39 ESE92    Have frequent mood swings.                             S  0

    44 ESH761   Get irritated easily.                                  S  0

    49 ESX74    Often feel blue.                                       S  0

Oppenness

     5 OH1276   Have a rich vocabulary.                                O  1

    10 OX176    Have difficulty understanding abstract ideas.          O  0

    15 OX14     Have a vivid imagination.                              O  1

    20 OX228    Am not interested in abstract ideas.                   O  0

    25 OH1313   Have excellent ideas.                                  O  1

    30 OX272    Do not have a good imagination.                        O  0

    35 OX100    Am quick to understand things.                         O  1

    40 OH1272   Use difficult words.                                   O  1

    45 OX114    Spend time reflecting on things.                       O  1

    50 OH53     Am full of ideas.                                      O  1

The data

The data are from the dissertation of Nhung T. Nguyen.  

Nguyen, N.T. (2002). Faking in situational judgment tests: An empirical investigation of the work judgment survey. Dissertation Abstracts International Section A: Humanities & Social Sciences, Vol 62(9-A), pp. 3109. 
203 participants responded to the 50-item Goldberg scale under instructions to respond honestly.

They responded to the same items again, this time under instructions to “respond as if you were applying for the job of customer service representative. . . . Please respond in a way that would best guarantee that you would get the customer service representative job.”  Order of conditions was counterbalanced.

A factor analysis of the Honest condition responses will be presented here.

To simplify the exposition, average responses to groups of 3 items within each dimension were computed and are factor analyzed.

These groups of 3 items are referred to here as testlets.  For each dimension, 3 testlets were formed, and one item was excluded.  

The exclusion was based on prior factor analyses of the individual items within each dimension.  The item with the lowest communality was not included in any testlet.  (See below for more on communalities.)

The testlets used for the EFA


Extroversion

 1     1 EH34     Am the life of the party.                              E  1

 4    16 EH154    Keep in the background.                                E  0

 7    31 EX83     Talk to a lot of different people at parties.          E  1

 2     6 EX56     Don't talk a lot.                                      E  0

 5    21 EH16     Start conversations.                                   E  1

 9    41 EX78     Don't mind being the center of attention.              E  1

 3    11 EX112    Feel comfortable around people.                        E  1

 6    26 EH1039   Have little to say.                                    E  0

10    46 EH661    Am quiet around strangers.                             E  0

 8    36 EX68     Don't like to draw attention to myself.                E  0

Agreeableness

 1     2 AX244    Feel little concern for others.                        A  0

 5    22 AX227    Am not interested in other people's problems.          A  0

 8    37 AH160    Take time out for others.                              A  1

 2     7 AH21     Am interested in people.                               A  1

 6    27 AX177    Have a soft heart.                                     A  1

 9    42 AE136    Feel others' emotions.                                 A  1

 4    17 AH1130   Sympathize with others' feelings.                      A  1

 7    32 AX165    Am not really interested in others.                    A  0

10    47 AH107    Make people feel at ease.                              A  1

 3    12 AH1103   Insult people.                                         A  0

Conscientiousness

1     3 CX87     Am always prepared.                                    C  1

4    18 CH1467   Make a mess of things.                                 C  0

7    33 CX118    Like order.                                            C  1

2     8 CH823    Leave my belongings around.                            C  1

5    23 CE119    Get chores done right away.                            C  1

9    43 CX179    Follow a schedule.                                     C  1

3    13 CH1362   Pay attention to details.                              C  1

6    28 CX82     Often forget to put things back in their proper place. C  0

10    48 CX163    Am exacting in my work.                                C  1

8    38 CH1140   Shirk my duties.                                       C  0

Emotional Stability

1     4 ESX107   Get stressed out easily.                               S  0

5    24 ESH927   Am easily disturbed.                                   S  0

8    39 ESE92    Have frequent mood swings.                             S  0

2     9 ESE141   Am relaxed most of the time.                           S  1

6    29 ESX95    Get upset easily.                                      S  0

9    44 ESH761   Get irritated easily.                                  S  0

3    14 ESH1157  Worry about things.                                    S  0

7    34 ESH926   Change my mood a lot.                                  S  0

10    49 ESX74    Often feel blue.                                       S  0

4    19 ESX156   Seldom feel blue.                                      S  1

Oppenness

1     5 OH1276   Have a rich vocabulary.                                O  1

4    20 OX228    Am not interested in abstract ideas.                   O  0

7    35 OX100    Am quick to understand things.                         O  1

2    10 OX176    Have difficulty understanding abstract ideas.          O  0

5    25 OH1313   Have excellent ideas.                                  O  1

8    40 OH1272   Use difficult words.                                   O  1

3    15 OX14     Have a vivid imagination.                              O  1

6    30 OX272    Do not have a good imagination.                        O  0

10    50 OH53     Am full of ideas.                                      O  1

9    45 OX114    Spend time reflecting on things.                       O  1

Notes on the data

Each testlet score is the mean of responses to the three items within the testlet.

All negatively worded items were reverse scored before averaging.  

Expectations from the Factor Analysis

Since the 15 testlets are from five separate dimensions, we expect to find five factors.

Since the Big 5 dimensions have been found to be essentially uncorrelated, we’d expect to find the factors to be uncorrelated, i.e., orthogonal.

This means that we’d expect correlations among the 3 testlets from a dimension to be high, but correlations between those testlets and testlets from other dimensions to be close to zero.

Orthogonal EFA of 15 Honest Condition Testlets

SPSS Dialog:  Analyze -> Reduction -> Factor Analysis
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SPSS Output – Orthogonal Rotation

Factor Analysis
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Correlations between the 15 testlets. 

Within-dimension correlations are enclosed in triangles.
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Extraction

Extraction Method: Maximum Likelihood.

One or more communalitiy estimates greater than 1

were encountered during iterations. The resulting

solution should be interpreted with caution.

a. 


A communality is the proportion of variance in an observed variable that is related to the common factors in the model (Fs).

Numerically large communalities are desired.

A very small communality is an indication that an observed variable is not related to the common factors.

The factor extraction method is an iterative, trial-and-error procedure.  The note at the bottom of the table says that one of the intermediate solutions was improper.  

SPSS Output used to determined Number of Factors

A common rule of thumb is that all factors with eigenvalues >= 1 should be retained.  In this case, there are 5, as we expected.
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The Scree Plot

Another rule of thumb is that all factors above the “scree” should be retained.
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The plot above is not a perfect Scree plot, but it is pretty clear that factors 6-15 represent “scree”.

Unrotated matrix of loadings.

The unrotated matrix is typically not interpreted in applications in the social sciences.  
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Extraction Method: Maximum Likelihood.

5 factors extracted. 10 iterations required.

a. 


Goodness of fit will be treated in a separate handout.  The p value indicates that there may be some significant differences between observed correlations and correlations implied by the model.
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Orthogonal rotated matrix of loadings

A simpler matrix of loadings, one that is mathematically equivalent in all essential aspects to the unrotated matrix, is generally interpreted.    It’s called the rotated matrix.
[image: image11.wmf]Rotated Factor Matrix
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Extraction Method: Maximum Likelihood. 

Rotation Method: Varimax with Kaiser Normalization.

Rotation converged in 6 iterations.

a. 


In most situations, the expectation is that each variable will have a high loading on only 1 factor and small (near 0) loadings on the others.

In the above, each factor has 3 variables with large loadings on it.  All other loadings are close to 0.

In each case, the variables sharing large loadings are from the same dimension.

The Factor transformation matrix can be used to obtain the rotated loadings from the unrotated loadings.
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Extraction Method: Maximum Likelihood.  

Rotation Method: Varimax with Kaiser Normalization.


Note that this matrix is NOT a matrix of correlations between the factors. 

For the analysis above, the correlations among the factors were assumed to be 0.

Path Diagram corresponding to Orthogonal EFA

(Note:  This model cannot be estimated in most SEM programs.)
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SPSS Output – Oblique Solution
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The unrotated factor matrix is, again, not of interest to social scientists.
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Extraction Method: Maximum Likelihood.

5 factors extracted. 10 iterations required.

a. 


The goodness of fit statistic is identical to that from the orthogonal solution – not of any use to us here.
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The Oblique Solution Matrix of loadings:  The pattern matrix
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Extraction Method: Maximum Likelihood. 

Rotation Method: Oblimin with Kaiser Normalization.

Rotation converged in 8 iterations.

a. 


Recall that each loading is analogous to a partial regression coefficient.

The loadings printed by SPSS are analogous to standardized partial regression coefficients. 

Each loading is the expected change in Y for a 1 SD change in the factor, holding all other factors constant.

Correlations of Ys with Factors:  The Structure Matrix

The following matrix is of use in some applications.  

Each value is the correlation of Y with a factor.
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The Factor Correlation Matrix

The matrix below contains estimates of the intercorrelations of the factors.

Recall that the Big 5 dimensions are supposed to be uncorrelated.

The matrix suggests that in the sample analyzed here, there were correlations between the dimensions, although only one was larger than .3 in absolute value.

The signs of the correlations need to be interpreted keeping in mind the signs of the loadings.  Specifically, factors 2 and 4 could have opposite signs with the other factors if the signs of the loadings of variables on them were reversed.
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Path Diagram corresponding to Oblique EFA

(Note:  This model cannot be estimated in most SEM programs.)

The only difference between this diagram and the one above is the presence of correlation arrows between the factors here.
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Choosing Direct Oblimin with Delta = 0 allows largest correlations between factors.
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The testlets have roughly equal means and roughly equal standard deviations.





Large differences might pose problems for the CFA to follow.





Ideal Scree plot
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The method of extraction was Maximum Likelihood.





Note that SPSS was asked to retain 5 factors, in anticipation of the outcome.





Check this box.





A Varimax rotation was requested.





Such a rotation assumes orthogonal factors.
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