Nonlinear relationships

We recently submitted a paper on the relationship between conscientiousness and test performance.  In contrast to much prior research, we did not find a significant positive relationship.  We suggested the lack of significance might be due to low power.  Here’s what we said in the original submission . . .

“One explanation for the finding of insignificant relationships in the above analyses is lack of power.  Assuming the population correlation of conscientiousness to performance is .2, the power of the test of the conscientiousness-performance relationship was .65, somewhat smaller than the .80 that is the typical recommendation.  So lack of power is one potential explanation for above results.”
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A reviewer had the following comments . . .
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“Regarding the zero correlation of conscientiousness and performance the authors offer an explanation using power. This is not very convincing since they base their conclusion on the correlation between the factor score and performance which is troubled with the issue described above. However, there are also other possibilities. The authors should check the scatter plot for outliers which distort the relationship. A theoretical explanation could be given if more were known about the intelligence distribution in the sample. There is evidence for a curvilinear relationship between conscientiousness and intelligence (LaHuis, Martin, & Avis, 2005). The reasoning is that intelligent people do not need to be conscientious in order to achieve. Thus, if the participants were very intelligent, this might also explain the small correlation.”

We thought that the logic of the reviewer’s argument was a stretch, but had to address the issue for the sake of getting published.  So, to address the reviewer’s comments we examined the nature of the relationship of conscientiousness to test performance.  We tested the hypothesis that the relationship was quadratic, which is the type of relationship mentioned in the LaHuis, Martin, & Avis (2005) reference given by the reviewer.

Here is what we said in the revision that was resubmitted . . .

Four potential explanations for the nonsignficant relationships involving conscientiousness were considered. First, the conscientiousness-test scatterplot revealed no outliers. Second, following LaHuis, Martin, & Avis (2005), adding a quadratic component to the conscientiousness-performance relationship did not result in a significant increase in r2 (t=1.745, p > .05). Third, power of the test of the conscientiousness-test correlation was computed. Assuming the population value to be .2, a conservative estimate the conscientiousness-performance relationship from previous studies, power was found to be .65. None of these considerations provided a definitive explanation for the small correlations shown in Table 2.
This is an example of a situation in which we need to be able to work with nonlinear relationships.
By the way, the issue of nonlinearity of relationships has been recently studied by

Le, H., Oh, I., Robbins, S. B., Ilies, R., Holland, E., & Westrick, P.  (2011).  Too much of a good thing:  Curvilinear relationships between personality traits and job performance.  Journal of Applied Psychology, 96, 113-133.

Examples of nonlinear relationships
Logarithmic

Y = klog10X
data list free /x.

begin data.

1 10 20 30 40 50 100 200 500 1000
end data.

compute ylog = lg10(x).
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graph /scatterplot=x with ylog.
[image: image1.emf]
Exponential

Y = kea+bx
data list free /x.

begin data.

0 .5 1 1.5 2 2.5 3 3.5 4

end data.

compute yexp = exp(x).
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graph /scatterplot=x with yexp.

[image: image2.emf]

Polynomial

General form:  Y = a + b1X1 + b2X2 + b3X3 + . . . 

Linear:
Y = a + b1X1
Quadratic:
Y = a + b1X1 + b2X2
A quadratic function has the general form
b1 neg; b2 pos


b1 neg; b2 neg
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If B1 is positive, the long tail is positively oriented.  In the above examples, B1 is negative.

If B2 is positive, the opening of the “cup” is pointing upwards, as on the left.  
If B2 is negative, the opening of the cup is pointing downwards, as on the right.

Cubic:

Y = a + B1X + B2X2 + B3X3
Cubic functions have both an upward pointing “cup” and a downward pointing “cup”, as in the following . . .
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Neither quadratic, cubic, quartic, quintic functions are of much interest in their own right.  They’re used primarily to approximate naturally occurring shapes that might have more complex expressions.
Most of the time, our data cover only part of the range of a function, so we rarely see the full curve of a quadratic or cubic function.









Problem

How to estimate coefficients in 

Y = a + B1X + B2X2 + B3X3
Solution:  Take a nonlinear relationship in X and make it a linear relationship in X, X2, and X3
Let V1=X

V2=X2
V3=X3
Note the difference – V’s are not “powered”.

Estimate:  Y = a + B1V1 + B2V2 + B3V3
So, the Regression procedure thinks it’s analyzing a linear relationship.
Data matrix

Y
V1
V2
V3
1
8
64
512

3
15
225
3375

6
29
841
24389

Etc.
We are doing multiple LINEAR regression with the Vs.  The program doesn’t know that the Vs are actually Xs raised to powers.
When we get a solution in terms of the Vs, if we need to, we then can covert that solution into an equivalent solution in terms of the Xs.
Problem

Vs are highly correlated with each other. 
This means that it’s not appropriate to simply enter all of them into the equation at the same time – in what is called a simultaneous analysis. 

3 solutions . . 

1.  Use the “V”s as is and perform a hierarchical analysis

a.  Enter V1 only and test it.  This is a test for linear trend.

b.  Enter V1 and V2 and test only V2.  This is a test for quadratic trend.

c.  Enter V1, V2, and V3 and test only V3.  This tests cubic trend.

And so forth.

Stop when last V tested is significant and higher order Vs are not significant.  I usually test for two powers above the last significant coefficient.
i.e., if V1 is significant, test V2 and V3. If V2 and V3 are not, conclude linear trend.

If V2 is significant, test V3 and V4.  If V3 and V4 are not, conclude quadratic trend.

Polynomials Example

Hierarchical Analysis of Powers of Original Variables

Pedhazur. P.522

NUMRIGHT  PRACTIME    TIMESQR  TIMECUB

    Y         X1         X2       X3
    Y         V1        V2       V3
     4         2         4        8

     6         2         4        8

     5         2         4        8

     7         4        16       64

    10         4        16       64

    10         4        16       64

    13         6        36      216

    14         6        36      216

    15         6        36      216

    16         8        64      512

    17         8        64      512

    21         8        64      512

    18        10       100     1000

    19        10       100     1000

    20        10       100     1000

    19        12       144     1728

    20        12       144     1728

    21        12       144     1728
regression variables = numright practime timesqr timecub

 /descriptives = default / statistics = default cha

 /dep=numright /enter practime /enter timesqr /enter timecub.

Regression
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Note that the coefficients and the t’s for each lower level variable change as the higher level variables were added to the equation.  This means that it’s very important to interpret only the appropriate set of coefficients – that set just before the model in which the highest power is not significant – the second model in this case.

      YHAT =      a      +    B1  *X1 +    B2*X2
So, YHAT = -1.9000 + 3.495*X - .138*X2
Computing YHAT in SPSS . . .In Data Editor, Transform -> Compute…
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Showing the fit of the curve to the data.

Create an overlay plot of

a.  Y’s vs. X’s, and

b.  Yhats vs. X’s.

Graphs -> Scatterplot -> Overlay
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Difficulty with the hierarchical entry method:  Vs may be so highly correlated that computer won’t perform the analysis.  Warning:  One of the assignment problems on polynomials is like this.  This leads to the 2nd solution . . .

2.  Center V1 to form Centered V1, then Square it to form Centered V2, Cube it to form Centered V3, and so forth.
Centering is usually about the mean of the Vs, that is, by subtracting the mean from each value.
The following columns are formed in the data editor window

(X-MX)
(X-MX)2
(X-MX)3
(X-MX)4
etc.


CV1
CV2
CV3
CV4

etc.

The same hierarchical analysis described above is performed.

Problem:  Equation is in terms of centered variables.

Problem:  May still encounter multicollinearity in some instances.

Hierarchical Analysis of Centered Variables
(The mean of the Xs is 7.)
NUMRIGHT PRACTIME CENTTIM1 CENTTIM2 CENTTIM3

     Y         X     (X-7)1   (X-7)2   (X-7)3
     4         2      -5       25     -125

     6         2      -5       25     -125

     5         2      -5       25     -125

     7         4      -3        9      -27

    10         4      -3        9      -27

    10         4      -3        9      -27

    13         6      -1        1       -1

    14         6      -1        1       -1

    15         6      -1        1       -1

    16         8       1        1        1

    17         8       1        1        1

    21         8       1        1        1

    18        10       3        9       27

    19        10       3        9       27

    20        10       3        9       27

    19        12       5       25      125

    20        12       5       25      125

    21        12       5       25      125

             126

regression variables = numright centtim1 centtim2 centtim3

 /descriptives = default

 /dep=numright /enter centtim1 /enter centtim2 /enter centtim3.

Regression
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YHAT = 15.781 + 1.557*(practime-7) - .138*(practime-7)**2   (Recall that 7 = mean of the X’s.)

Graphing this equation to show the relationship of Y’s to YHATs.

To create the appropriate graph, you have to translate the above equation expressing YHAT as a function of (PRACTIME-7) into an equation expressing YHAT as a function of PRACTIME.

The algebra using X instead of PRACTIME to simplify the symbols is as follows

YHAT = 15.781  + 1.557(X-7) - .138(X-7)2.

YHAT = 15.781 + 1.557X – 10.889 - .138(X2 – 14X + 49)  

 (When’s the last time you squared a binomial?)

YHAT = 15.781 + 1.557X – 10.889 - .138X2 + 1.932X – 6.762

YHAT = 15.781 – 10.889 – 6.762   +    1.557X + 1.932X     -   .138X2.

YHAT = -1.870      + 3.489X   -  .138X2.

This is theoretically the same equation we got with uncentered X’s.  Use TRANSFORM -> COMPUTE…to create the YHAT and do the same overlay plot as done above.

3.  Testing nonlinearity using orthogonal polynomial contrasts

This only works if there are just a few X values – say no more than 10 or so.

Procedure . . .

1.  Treat each set of cases with the same value of X as a group.

2.  Create (i.e., get from a table prepared by some really smart person) K-1 orthogonal contrast codes between the groups ordered on X.  Differences between X values of adjacent groups must be equal.

3.  C1 tests linear trend.

4.  C2 tests quadratic trend.

5.  etc

Coefficients for each contrast can be obtained from tables.

The following is from http://www.gseis.ucla.edu/courses/help/op.html
Group
Linear
Quadratic
Cubic
Quartic
Quintic


1
-1
1


2
0
-2


3
1
1


1
-3
1
-1


2
-1
-1
3


3
1
-1
-3


4
3
1
1


1
-2
2
-1
1


2
-1
-1
2
-4


3
0
-2
0
6


4
1
-1
-2
-4


5
2
2
1
1


1
-5
5
-5
1
-1


2
-3
-1
7
-3
5


3
-1
-4
4
2
-10


4
1
-4
-4
2
10


5
3
-1
-7
-3
-5


6
5
5
5
1
1

The Analysis using Orthogonal Polynomials

Even though the independent variable PRACTIME varies from 2 to 12, it has only 6 discrete values, so orthogonal polynomials for a 6-level iv were used.  Only the first 3 of the 5 possible contrasts are analyzed here.  The contrast values from the first column above are in ORTHTIM1.  The contrast values from the 2nd column above are in ORTHTIM2, etc.
NUMRIGHT PRACTIME ORTHTIM1 ORTHTIM2 ORTHTIM3

     Y         X      LIN     QUAD     CUB
     4    (G1) 2      -5        5      -5
     6         2      -5        5      -5
     5         2      -5        5      -5

     7    (G2) 4      -3       -1       7

    10         4      -3       -1       7

    10         4      -3       -1       7

    13    (G3) 6      -1       -4       4

    14         6      -1       -4       4

    15         6      -1       -4       4

    16    (G4) 8       1       -4      -4

    17         8       1       -4      -4

    21         8       1       -4      -4

    18    (G5)10       3       -1      -7

    19        10       3       -1      -7

    20        10       3       -1      -7

    19    (G6)12       5        5       5

    20        12       5        5       5

    21        12       5        5       5

Number of cases read:  18    Number of cases listed:  18

regression variables = numright orthtim1 orthtim2 orthtim3

 /descriptives = default /statistics = default cha

 /dep = numright /enter orthtim1 /enter orthtim2 /enter orthtim3.

Regression
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Caution:  When performing hierarchical analyses involving highly correlated IV’s, SPSS may refuse to enter an IV if it is too highly correlated with the other IV’s.  However, the program gives you no warning that this has happened.





Highest power term is NS, so fall back to previous model.





Interpret this





Center the original variable to get CENTTIM1.





Then square, cube, etc. that centered variable to get CENTTIM2, CENTTIM3.





Regress Y onto the centered values.











Mean of X’s is 


126/18=7.





Recall that (a-b)2 = a2-2ab+b2





When performing polynomical regression with orthogonal polynomial coefficients, we make the following substitutions . . .





X replaced by linear coefficients


X2 replaced by quadtratic coefficients


X3 replaced by cubic coefficients


and so on.





Y is regressed onto the replacement values, rather than the original values.
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