Lecture 7 – One Population Hypothesis Tests

One Population Z (Hand computations)
The 30,000 mile Tire problem.

A manufacturer of tires claims that average lifetime of its tires is 30,000 miles.  A sample of 25 tires is purchased and the tires are put on test cars that are driven until the tire tread reaches the minimum legal depth.  Based on the results of the sample, what can be concluded about the manufacturer's claim?  Suppose that years of experience with the tire indicated that the population standard deviation is 900.  
Step 1.  From the problem description, state the null hypothesis required by the problem and the alternative hypothesis.

Null:  

Mean of the population of mileages of the tires is 30,000.

Alternative:  
Mean of the population of mileages is not 30,000.

Step 2.  Choose a test statistic whose value will allow you to decide between the null and the alternative hypothesis.

We’ll use the one sample Z statistic,             (X-bar – 30,000)





Z =
    ----------------------------






    Sigma / square root of N

The standard error of the mean is 900/sqrt(25) = 900/5 = 180.

Step 3.  Determine the sampling distribution of that test statistic under the assumption that the null hypothesis is true.

From our previous discussions, the distribution of the Z statistic, if the null is true, is the Normal distribution with mean = 0 and standard deviation equal 1.

Step 4.  Set the significance level of the test.

We’ll use .05.

Step 5.  Compute the value of the test statistic.

Suppose that the mean of the sample of 25 tires was 29,640.
Since the sample mean is 29,640, Z = (29,640 – 30,000) / 180 = -360/180 = -2.00.

Step 6.  Compute the p-value of the test statistic.

The p-value is the probability of a Z as extreme as -2.00

P(Z <= -2.00) = .0228.  P(Z >= +2.00) = .0228.  

P(Z as extreme as -2.00 = P(Z <= -2.00) + P(Z >= +2.00) = .0228 + .0228 = .0456.

Critical Z values   In the precomputer days, data analysts determine the Z value whose p would be just equal to .05.  That value was called the critical Z.  Any obtained Z larger than the critical Z in absolute value would have a p less than or equal to .05.  The critical Z corresponding to alpha = .05 is 1.96.  So any obtained Z larger than 1.96 will have a p less than or equal to .05.
Step 7.  Compare the p-value with the significance level and make your decision.

Since p < .05, Reject the null hypothesis that Population mean = 30,000. Conclude that population mean is less than 30,000.

Confidence Interval on the Population mean

1.  Compute the point estimate.  In this case, that's the sample mean, 29,640.

2.  Decide on the level of confidence desired.  How about 95%.

3.  Compute the upper and lower limits of the interval using the following formula's

LL = X-bar + ZC1 * Standard error of X-bar

UL = X-bar + ZC2 * Standard error of X-bar
ZC1 and ZC2.are the values equal distance from the mean between which 95% of the scores fall.

In the case of normally distributed quantities, these values are -1.96 and +1.96.

So, for our problem, the 95% confidence interval would be 


LL = 29,640 - 1.96*900/5

UL = 29,640 + 1.96 * 900/5


LL = 29,640 - 352.80


UL = 29,640 + 352.80


LL = 29,287.2



UL = 29,992.8
The probability is 95% that the interval 29,287.2 to 29,992.8 surrounds the population mean.
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Loosely, we can be 95% sure that the population mean falls in the interval 29, 287 to 29,993.
And we can see from the graphical representation that the confidence interval almost included 30,000.

One Population t – Hand computations
The 30,000 mile Tire problem revisited

A manufacturer of tires claims that average lifetime of its tires is 30,000 miles.  A sample of 25 tires is purchased and the tires are put on test cars that are driven until the tire tread reaches the minimum legal depth.  Based on the results of the sample, what can be concluded about the manufacturer's claim?  Suppose that you don’t know the value of the population standard deviation.  Suppose that the mean of the sample of 25 tires was 29,640 with sample standard deviation equal to 900.
Step 1.  From the problem description, state the null hypothesis required by the problem and the alternative hypothesis.

Null:  

Mean of the population of mileages of the tires is 30,000.

Alternative:  
Mean of the population of mileages is not 30,000.

Step 2.  Choose a test statistic whose value will allow you to decide between the null and the alternative hypothesis.

We can’t use the Z statistic, because its formula requires that we know the value of the population standard deviation.

A natural substitution for the population standard deviation is the sample standard deviation.

This would yield the formula,  
    


 (X-bar – 30,000)






Statistic =
    ---------------------------------






   

 Sample SD / square root of N

Step 3.  Determine the sampling distribution of that test statistic under the assumption that the null hypothesis is true.

The statistic above is NOT a Z, since S, rather than Sigma has been used in the denominator.

Its sampling distribution was discovered by William Gossett, in the early 1900’s.

He called it the t statistic and called the distribution the T distribution.

The T distribution has mean 0. 

Its standard deviation is larger than 1, and depends on a quantity called degrees of freedom.

In the one-sample case, df = N – 1 = 24 for our example.

The shape of the T distribution is similar to the Normal.

Step 4.  Set the significance level of the test.

We’ll use .05.

Step 5.  Compute the value of the test statistic.

Since the sample mean is 29,640, t = (29,640 – 30,000) / (900/5) = 360/180 = -2.00.

Step 6.  Compute the p-value of the test statistic.

The p-value is the probability of a t as extreme as -2.00

Our computer program will compute the value of t and its p-value automatically.  

I’ve prepared tables of p-values for selected t’s.  For t = 2 with 24 df, two-tailed p = .057, slightly larger than .05.

Or we could look up the critical t for df = 24 and alpha = .05.  That value, from p. 465, is 2.064.

If the obtained t exceeds the critical t in absolute value that would mean that p would be less than or equal to .05 and we could reject the null.
Step 7.  Compare the p-value with the significance level and make your decision.

Since p > .05, do not reject the null hypothesis that Population mean = 30,000. Act as if the population mean is equal to 30,000.

This example illustrates the fact that the t test is not quite as powerful as the Z test, all other things being equal.

Confidence Interval on the Population mean

1.  Compute the point estimate.  In this case, that's the sample mean, 29,640.

2.  Decide on the level of confidence desired.  How about 95%.

3.  Compute the upper and lower limits of the interval using the following formula's

LL = X-bar + tC1 * Standard error

UL = X-bar + tC2 * Standard error

tC1 and tC2.are the t values equal distance from the mean between which 95% of the scores fall.

In this case, these values are the two-tailed critical values that would be used if alpha were .05.

From Table B, Appendix C, p. 465, critical t when df=24 is 2.064.  You won’t be tested over this.
So, for our problem, the 95% confidence interval would be 


LL = 29,640 – 2.064*900/5

UL = 29,640 + 2.064 * 900/5


LL = 29,268.5



UL = 30,011.5 

The probability is 95% that the interval 29,268.5 to 30,011.5 surrounds the population mean.

Comparing the Z-test and the t-test for the same data

Z-test results
t-test results

H0:  Pop mean = 30000
H0:  Pop mean = 30000
Pop SD = 900
Sample SD = 900

N = 25
N = 25

Sample mean = 29,640
Sample mean = 29,640

Z =
(29640 – 30000)/(900/5) 
t = (29640 – 30000)/(900/5)


2.00

2.00

p = 
.0456
p = 
.0570



(----------------------------------------------------)

Z CI = ---------------------------|---------------------------|-------------------------|--------------------------


29,287
29640
29,993



(--------------------------------------------------------------)

T CI = ----------------------|--------------------------------|------------------------------|-------------------


29,268
29640
30011
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30,000
The bottom line is that the Z is a more powerful test statistic than the t.  But the Z is higher maintenance – it requires that you know the value of the population standard deviation in order to achieve that power.  

A tractor is a more powerful tool for plowing than a horse.  But you must have gasoline to take advantage of that power.
The t is more forgiving, but at the price of not giving you the precision of the Z.

One Sample t – SPSS Example
A manufacturer of tires claims that average lifetime of its tires is 30,000 miles.  A sample of 25 tires is purchased and the tires are put on test cars that are driven until the tire tread reaches the minimum legal depth.  Based on the results of the sample, what can be concluded about the manufacturer's claim?  The mileage values for the tires are below.
id  mileage

  1    29050

  2    29837

  3    29622

  4    29546

  5    28197

  6    28277




  7    29585

  8    31344

  9    29702

 10    29585

 11    29564

 12    28824




 13    31158

 14    29084

 15    29467

 16    28261

 17    28496

 18    30784




 19    30534

 20    30397

 21    29883

 22    29077

 23    31239

 24    29630

 25    29857
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Choosing the confidence interval level.
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The Output

T-Test
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Hypotheses about the Population Correlation Coefficient, r
Biderman and Nguyen (2004) conducted research in which participants were given the Big 5 personality test twice, once under instructions to respond honestly and then again under instructions to “fake good”.  We computed a score on each of the Big 5 dimensions under the fake condition and a score on each of the dimensions under the honest conditions.  We subtracted the honest condition scores from the faking condition scores and then computed the mean of those 5 differences.  That average was the respondents “Faking ability” score.  A positive value means that the person was able to fake good, presenting higher scores in the faking condition than in the honest condition.  A score of 0 meant that the respondent score no higher on the personality dimensions in the faking condition than in the honest condition.  And a negative score meant that the respondent actually scored lower on the personality dimensions in the faking condition than in the honest condition.  

We gave each respondent the Wonderlic, a common measure of cognitive ability.  The distribution of faking ability scores and scores on the Wonderlic are as follows . . 
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We then correlated the FAKABIL and WONDLIC scores.  The scatterplot is above.
The question is:  In the population, is there a correlation between cognitive ability and faking ability?
Testing Hypotheses on Population r 
Null Hypothesis: 

The population correlation coefficient is 0
Alternative Hypothesis:
The population correlation coefficient is not 0.





(We might argue for a one-tailed test here.)

Test statistics:  (There are two possibilities)
1)  A t statistic

        Sample r – 0  
t = ----------------------

       1 – Sample r2
       -------------

          N - 2

Critical t values would be obtained from tables of critical t, (p 465).

2)  r itself.

Critical r values would be obtained from tables of critical r.  (Table C in Minium, et. al.)

SPSS Analysis

Analyze -> Correlate -> Bivariate
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Conclusion:  Our data suggest that in the population, the ability to fake a Big 5 personality test is positively related to cognitive ability.
Confidence intervals for the Population r

Minium, et. al.’s Figure 16.7 on p. 302 is an excellent table.

Formulas are complicated.
Select the variable to be analyzed and move it to the “Test Variable(s)” field.





Very Important.  Put the hypothesized value of the population mean in the “Test Value” field.





Click on the [Options] button to open the Confidence Interval dialog box.





Test value entered above.





Standardized Confidence interval.


Add test value to each limit to get it in terms of the problem’s values.





The two-tailed p-value.
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