Lecture 3 - Standard Scores and the Normal Distribution

Min Ch 6
Standard Scores

Standard Score:  A way of representing performance on a test or some other measure so that persons familiar with the standard score know immediately how well the person did relative to others taking the same test.

1.  Percentile based
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The Percentile Rank of a score:  Percentage of Scores in a reference group less than or equal to a score value.
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Typical Values

100
Largest possible percentile rank

50
Middle-of-the-road percentile rank 

(i.e., the median)

0
Lowest possible percentile rank.

Pros

1.  Useful for everyone because it’s easy to understand.
     (List of cases on the right is of the Rosenberg Self

      Esteem scale.  Raw scores are on a 1-7 scale. I claim that the Percentiles are easier for people unfamiliar with the Rosenberg to understand.)

2.  Doesn’t depend on distribution shape for precise interpretation (as do Zs)

Cons


1.  No statistical heritage, no roots.

2.  Not linearly related to the original score values.

This creates a problem when dealing with extreme 

Scores.  When dealing with scores near the middle of the 

distribution, the relationship is close enough to being linear
to not be a problem in many cases.

Equal score differences don’t always represent equal percentile differences.

2.  Those based on a linear transformation of the difference between X and the mean. 


Linear Transformation:  
New score = Multiplicative constant • Old score + Additive constant


a.  The Z Score  (The Godfather of standard scores)




   X – Mean
          1


Z = ----------------------- = (------)*X – Mean/SD



      SD

         SD
Interpretation:  Z is number of SDs X is above or below the mean.

Z = 1 means X is 1 SD above mean. Z = -3 means X is 3 SDs below the mean.

General rule of thumb: Most  Z scores will be between -3 and +3.
2/3 of Zs will be between -1 and +1;  95% of Zs will be between -2 and +2.
Mean of the whole collection of Zs:  Will always equal 0.
SD of the whole collection of Zs:  Will always equal 1.
b.  The T-score


Ti = 10 * Zi + 50,  rounded to nearest whole number.

Mean of Ts is always 50.
SD of Ts is always 10.
c.  The SAT score


SATi = 100 * Zi + 500,  rounded to nearest whole number.

Mean = 500 and SD = 100.
GRE scores have been scored in this fashion.  That will change in Fall 2012.
Comparison of Scales of the three types:  
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Effects of Linear Transformations of the original scores on measures of central tendency and variability

1.  Mean shift:  A constant is added to each score in the collection.
New X -= Old X + A

New measure of central tendency = Old measure + A

New measure of variability = Old measure (no change)

2.  Scale change:  Multiplying or dividing each score by a constant.
New X = B*Old X.

New measure of central tendency = B*Old measure

New Range = B*Old range

New Interquartile range = B*Old Interquartile range

New SD = B*Old SD

But . . . New Variance = B2 * Old Variance

Probability Distributions

Probability distributions are formulas that give the probability that a random variable will have a specific value or which gives the probability that the values of a random variable will be between two specific values.

Probability distributions are essential for inferential statistics, to compute probabilities of specific differences between means, for example.

Normal Distribution

The most important probability distribution.

Formula

                          -(X-µ)2
                          ------

              1             2σ2
P(X) =  ------------ *   e
          σ SQRT(2π) 

Why so ubiquitous?

Quantities which are the accumulation of more elementary, typically binary, entities tend to follow the normal distribution.

Simplest example:  Take a bag of 100 coins.  Spill the bag 10,000 times, each time counting the number of Heads that land face up.  The distribution of Number of Heads will follow the normal distribution.

In nature, many quantitative outcomes are probably the result of the accumulation of 100’s of binary events, e.g., genes turned on or off.  The result of the accumulations is a quantitative outcome and those quantitative outcomes are normally distributed.

Example . . .  Suppose a quantitative characteristic is the result of the accumulation of 50 binary elementary characteristics.  
Here’s how that quantitative characteristic would be distributed across 1000 people.
input program.

loop #i=1 to 1000.

compute id = $casenum.

end case.

end loop.

end file.

end input program.

execute.

print formats id (f3.0).

set seed = 577957.

*** Spill a bag of 50 coins.
do repeat  i=s1 to s50.

compute i = rv.bernoulli(.5).

end repeat.

execute.

print formats s1 to s50 (f1.0).

variable width s1 to s50 (3).
*** Compute  the number of Heads facing up.
compute numHeads = sum(s1 to s50).
*** Create histogram of the number of heads in the population of spills.
frequencies variables=numHeads /histogram=normal.
Result . . .

Why so important?

If the above weren’t enough, the normal is the MOST IMPORTANT of distributions, the Mozart to all other distributions’ Salieris, because the distribution of virtually every sample statistic is normal for large enough sample size.
Pick a population, any population of scores.

The population could be the population of last 4 phone number digits from the phone book.

Take repeated samples from that population.

Compute a sample statistic from the data of each sample.  

Compute the mean or the standard deviation.

Form the distribution of values of that sample statistic.

If the sample sizes were sufficiently large, usually 100 will do, the distribution of those sample statistics will always be approximately normal.

Two types of problems you'll encounter involving the Normal Distribution:         
1.  Given X or X's, find Probability (or percentage).  Example:  What is the percentage of IQ scores between 100 and 120?


a.  Draw a picture and shade the area corresponding to the probability to be found


b.  Convert the X(s) to Z(s).


c.  Look up probability or probabilities corresponding to Z or Z's in Table A in Appendix C, pages 462-ff.


d.  Compute the answer from the tabled probabilities.

2.  Given Probability or percentage, find X or X's.  Example:  What is the IQ score below which 60% of all IQ's fall?


a.  Draw a picture.  Label only the mean.  Draw line(s) roughly corresponding to X's.


b.  Find Z or Z's corresponding to probability or probabilities in Table.


c.  Convert Z(s) to X(s) using the inverse of the Z formula, X = Z*Sigma + Mu.

For the following exercises, assume we're working with normally distributed SAT scores.


Mu = 500


Sigma = 100

Exercise 1  A student is randomly selected from the SAT population.  What's the probability of that student's score being between 500 and 560?
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b.  Z = (560-500)/100 = 0.60

c. Area between mean and z is the answer.  It’s .2257 or 22.57% if problem wants a percentage answer.

d.

Exercise 2.  A student is randomly selected from the SAT population.  What's the probability of that student's score being between 440 and 500?
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b. Z= (440-500)/100 = -0.60

c.  From Table, for Z = +.60, area is .2257.

d.

Exercise 3.  A student is randomly selected from the SAT population.  What's the probability of that student's score being between 350 and 600?
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b. Z350 = (350-500)/100 = -1.50 ;     Z600 = (600-500)/100 = 1.00

c.


d. Answer is .4432 + .3413 = .7845
Exercise 4.  A student is randomly selected from the SAT population.  What's the probability of that student's score being between 550 and 700?
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b.


c. Z700 = (700-500)/100 = 2.00 ;
Z550 = (550-500)/100 = 0.50

d. Answer .4772 - .1915 = .2857

Exercise 5.  A student is randomly selected from the SAT population.  What's the probability of that student's score being between 250 and 350?
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b.


c.


d.

Exercise 6.  A college decides to admit students with SAT scores greater than or equal to 450.  Assuming the applicant population contains 1500 students, how many would be admitted?
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b.


c.


d.

Exercise 7  Assume adult male waist sizes are normally distributed with mean 34 and standard deviation 3.  A manufacturer wishes to make belts in the following sizes - 26, 28, 30, 32, 34, 36, 38, 40, and 42.  Assume that a person purchases the belt whose size is closest to his waist size.  What proportion of each belt size should the manufacturer create?  (Note: the + and - 3 and 4 SD points are not represented on the following graph.  Place them to the right and to the left of the + and - 2 SD boxes.)
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b.


c.


d.

Exercise 8.  A college decides to admit only the top 10% of SAT students.  What would its cutoff be?
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b. Z = 1.28
 Z = (X-mean)/sigma ; =>    Z*sigma = X – mean; =>  Z*sigma + mean = X

c. X = Z*sigma + Mean = 1.28*100 + 500 = 628.
Exercise 9.  What are the two values equal distance from the mean such that 95% of the scores are between them?
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b. Half the area is 95/2 = 47.5%.  Z score corresponding is 1.96

c.

Exercise 10.  What are the two values equal distance from the mean such that 1% of the scores are beyond them?
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b.

c.  
Are any distributions actually normally distributed?
The normal probability formula applies only to infinite populations.

So, distributions of samples will never technically be normally distributed.

But some approach normality.

Examples of some sample distributions.

Distribution of ACT Comprehensive scores for 4000+ 1st year college students
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Distribution of Conscientiousness scores from 371 undergraduates.
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Distribution of Emotional Stability scores from 371 UGs.
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Distribution of 5000 computer-generated normally distributed values.
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Distribution of validities of 900 test items.  Positive validity means that getting the item correct was positively associated with performance on the job.  Negative validity means that getting the item correct was negatively associated with performance on the job.
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        1     4.90     19.90


        2     5.50     38.80


        3     5.30     31.10


        4     6.90     97.60


        5     4.60     14.10


        6     6.40     80.60


        7     5.30     31.10


        8     5.70     51.90


        9     6.20     70.90


       10     5.20     27.70


       11     6.30     75.20


       12     4.50     12.10


       13     3.70      2.90


       14     1.90       .50


       15     5.80     57.80


       16     6.10     68.90


       17     4.60     14.10


       18     6.40     80.60


       19     6.70     91.30


       20     3.80      3.40





  











Unequal percentile differences





Raw score





Percentile





Equal score differences





Note:  Must compute from ALL the Zs.





Note:  Most tests that are reported as T-scores have special formulas that take you directly to the T, without having to go through Z.





Quantitative characteristics is the sum of 50 dichotomous ones.
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