PSY 201 Lecture Notes Chapters 10,11
Measures of Central Tendency

The Frozen Broccoli Example

A truck carrying 10,000 packages of frozen broccoli overturns on the interstate between mile marker 158 and 159.  The driver is unhurt.  He calls for help.  The first question asked is
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Figure 1. Positions of three averages in distributions with positive and negative skews.
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“Where is the broccoli?”
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Three answers to this question . . .

1.  The location of the largest pile.

2.  The location that exactly divides the 10,000 packages into two 5,000 package halves.

3.  The arithmetic average of the locations of all 10,000 individual packages.

These three answers correspond to the three most frequently mentioned measures of central tendency

1.  The mode  (Yuk!!)
2.  The median.

3.  The mean.

We’ll add one more . . .

4.  The trimmed mean
The mode  (something to avoid)
Definition:  The value that occurred most frequently

Example:  
Scores:  9, 8, 7, 7, 6, 6, 6, 5, 4.  



Mode is 6

Characterizing the mode.
What’s bad . . .
1.  Often can’t be computed when two values tie for most frequently occurring.

Scores:  9 8 8 8 7 7 6 6 6 5 4 


Scores:  9 8 7 6 4 3 2 0 
2.  Varies a lot from one sample to the next, even though the samples are from the same population.

Only recommended in only two types of situation

1.  When the data are categorical /nominal – Gender, Ethnic group, Major in college

Numbers assigned to categories are like names.  So it wouldn’t make sense to average them.

2.  When one value dominates the data.  For example, if 60% of the scores had the same value.

We won’t use the mode to represent central tendency in this class except in the above two situations.

The median

Conceptual definition of median

The value that divides the sample into two halves, with one half smaller than the median and one half larger than the median.

Example:  
Scores:    3  4  5  6  7  7  8  9


Median:  6.5???  But why not 6.4?  Or 6.8?  Both of these values divide the sample into two halves.

Example:
Score:  9, 8, 7, 7, 6, 6, 6, 5, 4.



Median:  6??  But does 6 really divide the scores into two halves?

The above questions have lead statisticians to create a more precise definition of the median.  

Operational definition of median:




1)  List scores in order.


2)  If N is odd, median is middle score in ordered list.


     If N is even, median is the arithmetic average of two middle scores.

Example:  4, 5, 2, 7, 8, 4, 6, 10:
Ordered: 2, 4, 4, 5, 6, 7, 8, 10.
Median:  (5+6)/2 = 5.5
Example:  4, 5, 2, 7, 8 ,4, 6

Ordered: 2, 4, 4, 5, 6, 7, 8

Median:  5
The operational definition doesn’t tell us much about what the median is, but it tells you exactly how to compute it and allows everyone to get the same answer.

Characterizing the median  
1.  The median gives us the location of the middle of the collection of scores.

Changing the values of scores in the middle will have the greatest effect on the median.
1 2 3 4 6 7 7 8 9
1 2 3 4 6 7 7 8 19


2.  The median is not affected by the very small or very large scores in the collection.

$15 $20 $20 $25 $200;  Median = $20.   
vs. 
Average = (200+25+20+20+15)/5= $56

$15 $20 $20 $25 $400;  Median = $20
vs.
Average = ((400+25+20+20+15)/5=$96

The mean

The familiar arithmetic average.

Group



Symbol


Definirtion formula
Sample


X (X-bar) or M or MX



ΣX / N

Population

µ (pronounced mm-you)


ΣX / N

Note that the formula for the mean is the same for both a sample and a population.

Some of the measures we’ll cover will have one formula for a sample and another for a population.

Characterizing the mean

1.  (A plus)  Theoretical. The mean has good lineage.  It is part of the formula for the Normal Distribution, the most important distribution.
2.  (A plus) Practical.  The mean is generally regarded as the best measure of central tendency for unimodal and symmetric distributions with no outliers.
3.  (A minus) But the mean is dramatically affected by extremely small (or negative) or extremely large values.

Outliers 

Outlier:  A value, either extremely positive or extremely negative, that has arisen through a process different from the process generating the rest of the values.

Sometimes it’s not possible to know whether all the values in a collection are “OK”.  In those instances, some of the values may be outliers.

The mean is often dramatically affected by the presence of outliers.

It’s also often “pulled” in a positive or negative direction by the scores in the long tail of a skewed distribution.  See the figure below from p. 59 of the text.


Example of the effect of scores in the long tail of a distribution on the mean
Here are the salaries, in thousands, of persons in a small company

33 31 29 27 29 34 35 25 32 38 23 130 
230 35 37 38 29 80 32 31 30 28 31 27 28

Mike – enter the data into SPSS and get the mean, median, and mode. (mean is 44.88)
Suppose that sales in the company were good and the CEO of the company decide to reward himself by giving himself a 200 thousand raise.

The salaries are now

33 31 29 27 29 34 35 25 32 38 23 130 430 35 37 38 29 80 32 31 30 28 31 27 28

The mean is now 52.88.  The CEO claims that he raised the average salary in the organization by almost $10,000.
The Trimmed Mean

Operational Definition:  The mean of the scores remaining after the top K% and bottom K% of scores have been trimmed off.

5% trimmed mean

Exclude the largest 5% of the scores.

Exclude the smallest 5% of the scores.

Compute the mean of the remaining scores.

Use for distributions for which the mean should be used, but which may contain outliers.

Choosing the best measure of Central Tendency

I.  Quantitative Data

	
	Distribution Shape

	
	Unimodal and Symmetric
	Skewed

	No Outliers
	Mean
	Median

	Outliers may be present
	Median

Trimmed Mean
	Median


The table in words

If your data are unimodal and symmetric with no outliers, use the mean as the measure of central tendency.

If your data are symmetric but may have outliers, use the trimmed mean or the median as the measure of central tendency.

If your data are skewed, use the median as the measure of central tendency.

II.  Categorical Data.

The mode is the only measure that makes sense when you're attempting to summarize nominal data.

Examples of data – how would you characterize the distribution and what measure would you use?

Scores on a test that was not too easy and not too hard.

Salaries of employees in a factory.

House prices in Chattanooga.

Examples for Unimodel Symmetric, Skewed, and Categorical data
A unimodal symmetric variable

Extraversion scores from a sample of 206 UTC students.

Frequencies

	Statistics

	e100 E scale score from 100-item questionnaire

	N
	Valid
	206

	
	Missing
	0

	Mean
	4.7857

	Median
	4.7500

	Mode
	4.60



A (slightly positively) skewed Quantitative Variable

ACT Comp scores from a sample of 206 UTC students
Frequencies
	Statistics

	Comp

	N
	Valid
	196

	
	Missing
	10

	Mean
	21.79

	Median
	21.00

	Mode
	21



A Categorical variable
The variable, GENDER, from the EMPLOYEES.SAV dataset.
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Other ways, other Means

(Optional material for those who are interested.)
   Consider the values 2 and 8.  Suppose you were asked to choose a number which would represent them "equally" .  The criterion is that the number chosen must not be "farther" from 2 than it is from 8.  What value would you choose?

There are at least three answers to this question.  Each one represents a different value system concerning what constitutes "equal" representation of the values within a collection.

   Answer 1.  The Arithmetic Mean - Equalizing Distances.


The arithmetic mean is the value which is equal distance from each of the two.  That is, the arithmetic mean has the following property:

  X2  -  Mean  =  Mean  -  X1
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For the example, the arithmetic mean of 2 and 8 is 5.  Note that




8   -  5     =     5   -   2




     3        =         3

   Answer 2.  The Geometric Mean - Equalizing Ratios
The geometric mean is the Nth root of the product of the scores.

For two scores, it is simply the square root of the product of the values.  The geometric mean is the value which has equal ratios with both values.  That is, the geometric mean has the following property:
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For the example data, the geometric mean is √2 * 8 = 4.  Note that 
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Answer 3.  The harmonic mean.  There's a third answer which is a bit more complicated.  It involves both intervals and ratios.  It's the harmonic mean.  The harmonic mean is that value such that the ratio of the difference between the HM and the first value to the HM is the same as the ratio of the difference between the HM and the second value.  This can be expressed as
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The formula for the harmonic mean is 
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