Physics 281 LABO
DATA ANALYSISWITH LEAST SQUARESANALYSIS

For many experiments the graphed data appears to represent a straight line. With some
care, the “best” straight line ( y = mx + b) through the data points can be drawn by eye and from
this line the slope (m) and the intercept (b) can be determined. The values of “m” and “b”
frequently represent physical quantities that are of interest to us. Because there are errors
associated with the data points, we need to find some estimate of the errorsin “m” and “b” .
This can be doe graphically by drawing two more reasonable lines through the data with slopes
greater than and less than that of the first line. These new slopes will give arange to the error of
the slope “m” and the new intercepts will give arange to the error in “b”. This approach to
error analysis does not always give good results.

A more reliable approach uses the method of linear least squares, where all the errors
are considered to be randomly distributed in a Gaussian distribution, and there are no errorsin
the independent variables measurements. For many experiments the data meet the assumptions
for the smple linear least squares method.

If the data appear of the form y = mx + b, two sets of measurements ( X, , y1) and
( X2,y2) will determine two equations

Y1=MX;+B D
and Y2=MX;+B

which may be solved to determine M and B. To increase the precision of the results ( and to be
convinced that the relationship should be linear), a series of measurements are completed with
the resulting equations.

yl = MX]_ +B (2)

Vo= MX, +B

Pairs of these equations do not usually determine aunique value for M or B. If we assume there
isaunique value for M and B , then the set of equations are no longer equalities and differ from
zero by

di=yi-(mx.+b) (3)

d2 = Yo ( mx, + b)

where m and b are now unique and d; is the amount y; differs from the predicted value

mx; + b . It has now been assumed that there are no errors ( or negligibly small errors) in x; .
It is apparent that m and b are chosen to minimize the sum of these errors. The

sum can bejust d; + dy + dz------- =d, ,the sum of the absolute values, or any other sum. For

linear least squares the sum of the squares of the di’ sis used.



f =2 (@)@

then m and b are values for which df/dm = 0 and df/db = O respectively. Working through the
algebra of the equations determined by these derivatives of f, the two equations are solved
simultaneously for m and b with the results that:

m = [ n(xxy) - (2X)(Zy) W (5)

b = [ (2x°)(Zy)-(Zxy)(Zx) IW  (6)
with
W = [ n(2x) - (29°] (7)
wherethesums suchas  2Xxy = X(X;)(Yyi) are sumsinvolving all (n) of the data points:

2Xy = Z(X;)(Yi) = XaY1 + XoY2 + Xgyg =-=-=-=------ + XnYn - (8)

The equations for the error in m and b are presented below without derivation. The analysis of
the fitting errors depends on an analysis of the origin of errorsin a Gaussian distribution. The
results for the errorsin m and b are as follows:

(Am )? = n(c®)/W (9)
(Ab)? = (69 (=x?)/W (10)
o” = (Z(d))/n = (Zlyi- (mx +b)]?)/n  (11)

The sum of the squares of the deviations (6°) cal culated above and used to calculate the
statistical errorsin the slope and intercept ( and was the basis for the equations for the “best”
slope and “best” intercept) does not include any effects due to the statistical variation in the X
variable or due to any systematic errors.

The method of least squares for linear relationshipsis not restricted to data (x,y) that
arerelated toy = mx + b. The data (u,v) asv = Au™ can be changed to “data’ (x,y) that behave
asy=mx+bbyletingx =Inu,y=Inv,ardb=1InA, sincev = Au"™ isthe same as



Inv=minu+InA (12)
The sums used for aleast squares analysis of datathat obey av = Au™ law will be:

Sxi—Zinu (13)
Syi=ZIny, (14)

2(x)(y) = Z(Inw)(In vi) (15)
=(x:)* = Z(In u)* (16)

Data (u,v) that obey a mathematical form, v = Ae™ , can also be changed to “data’ (x,y) that
behaveasy = mx + b, by lettingx =u, y=Inv,andb=In A, sincev = Ae™ isthe same as:

Inv=mu+InA (17)
The sums used for aleast squares analysis of datathat obey av = Ae™ law will be:
2Xi=2u; (18)

2yi=2ZInv; (19

Z(x)(y) = Z(w)(Invi) (20)
Z(x)?=Z(uw)* (21)

Thelinear least squares analysis that will be used in this laboratory mathematically
assumes that all the statistical error isin the dependent variable (y), with nonein the
independent variable. (x). Thismorethan naive, it isalwaysincorrect! However for this
laboratory we will live with it. The method of |east squares for dependent and independent
variables with error is nicely presented in an article by William H. Jefferys, in volume 86, pages
177-181 of The Astrophysical Journal. We will not use this method in this lab, however as
you advance in your studies in science or engineering you most likely will have to use this
method.

The slope obtained by linear least squares analysisis actually the weighted average of
slopes determined from pairs of data points. The most heavily weighted slope is one determined
by apair of data points, one chosen from each end of the line, ( yn — Y1)/(Xn — X1).

For more information on linear least squares analysis, see the article by A.M. Bancroft in
volume 19, pages 615-616 of the December 1981 issue of The Physics Teacher




Another good source on linear least squares analysis (as well as statistics) is the textbook Data
Reduction and Error Analysisfor the Physical Sciences by Phillip Bevington (2nd Edition)
1997. McGraw-Hill

A datafit can be performed by hand or by a computer or calculator (linear regression
analysis). Both the high end Hewlett Packard and Texas Instruments calcul ators have
capabilitiesin this area. (It must be noted that Am and Ab may not be calculated for you
automatically by your calculator, however both calculator brands mentioned above do have the
necessary sums stored in statistical data registers so that these calculation can be performed by
hand) Y ou also can use MacCurveFit, Excel, Data Logger or another computer statistics
program. Normally, this type of program should report m, Am, b, Ab and r. It should be noted
that correlation coefficient, R?, is ameasure of the linearity of the data, but is not the directly
related to the error in the slope and should not be reported as such. It also gives no indication as
to whether the fitted data actually represents what is actually happening physically. Ris
calculated asfollows:

[nZx? — (2x)°) ¥ [nZyi*-(Zyi)*]) 2

Thevalue of rrangesfrom 0, when thereis no correlationto +1 or -1, whenthereis
complete correlation. R has the same sign asm.

Three sets of dataare given below. Discover their mathematical forms and all statistical
errorsin any measured quantities. Y ou should start by graphing the data on linear, semi-log, and
log-log graph paper to determine which mathematical form best represents the data; linear,
power law, or exponential. Then use the proper form of the linear least squares analysis. ( see
instructions following the data table)Check your results by graphing the equation for the ( linear
least squares analysis) fit of your data on the same graph paper on which the datais plotted.

SET 1 SET 2 SET 3
1.0 11.0 1.0 10.87 1.0 3.0
5.5 33.5 4.5 24.46 5.5 38.6
10.2 57.0 6.2 49.27 10.0 94.86
225 1185 7.9 269.7 16.0 192.0
30.1 156.5




Using the methods outlined previously and using the equations from #4 onward find the
least squares best-fit line (The equation that best describes the data set) for all three sets of data.
Find the slope and y intercept, the error in the slope and the error in the intercept and the
regression coefficient. One data set must be done by hand, using the equations given. (Show all
work!!!) The other two data sets may be analyzed using your calculator or your computer; if
you have statistical or data analysis software. If you use a calculator or software you must
mention the name of the calculator or software package used.

This document was originally composed by Dr. Randolph Peterson of the Department of
Physics and Astronomy at the University of Tennessee at Chattanooga (Now at the University
of the South) in 1985. It was modified and adapted by Harold A. Climer, lab instructor in the
Department of Physics, Geology, and Astronomy at the University of Tennessee at Chattanooga
1997/1998/1999/2000/2001.



